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Introduction

THE problems of bending of homogeneous thin cracked
plates have been investigated by several researchers1"6 us-

ing different finite element approaches. For bimaterial thin
cracked plates, however, there has been very little work done.7

This Note hopes to extend the work in Ref. 6 and to devise a
new hybrid singular crack element to deal with thin bimaterial
plates containing an interface crack and subjected to bending
loadings. To account for the singular and oscillatory char-
acters of the stress field near the crack tip, the assumed inter-
polation functions are basically derived from the displacement
and stress fields given by Sih and Rice.7 The proposed stress
intensity factors are defined and evaluated. The influences of
material properties on the transverse deflection and stress in-
tensity factors are then evaluated. The results presented
should be of help in further studies of bimaterial crack
problems.

Hybrid Singular Element Design
As shown in Fig. 1, a 21 degree-of-freedom rectangular

hybrid singular bending crack element is designed in this work
for the analysis of bimaterial cracked problems. To devise
such an element, the three similar independent variables as
noted in Ref. 6 can be assumed to be

[KH]

-Mn,
= [R]M

(1)

(2)

(3)

where the column matrices [a] and {/3) are independent
parameters that can be determined through the stationary
condition of the modified principle of minimum total poten-
tial energy and {KH} and {q} are the column matrices of the
proposed stress intensity factors and appropriate nodal
values. The interpolation functions \_UR] and |_^sJ use^
for the element interior lateral displacement w in Eq. (1) are
assumed to be regular polynomials and proper asymptotic-
ally correct displacement functions near the crack tip,7

respectively. The interelement boundary displacement w*
and normal slope 0* in Eq. (2) can be determined uniquely
in terms of the relevant [q\ through the interpolation func-
tion [L]. The interpolation function [R] on the element
boundary in Eq. (3), for the equivalent boundary transverse
shear Vn and bending moment MnnJ is derived from the
assumed singular stress field near the crack tip.
Element Interior Lateral Displacement Field w

The interpolation function \^UR] as shown in Eq. (1) can
be taken as the same one as in Ref. 6. However, for the in-
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terpolation function [_Usj , it can be assumed as
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where [_US] { and [_US] 2 represent the interpolation func-
tions of material 1 and 2, respectively. In the above,
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Eit Vj, hh and D{ denote Young's modulus, Poisson's
ratio, thickness, and the flexural rigidity of plate /, respec-
tively. k is defined as the bielastic constant. For homogen-
eous cases, k = 0. E, v, and h are the mean values of corres-
ponding parameters of plate 1 and 2,

where the proposed stress intensity factors kl and k2 can be
defined as

[L] in Eq. (2) is divided into two types:
1) The boundary adjacent to a regular element. To satisfy

the compatibility requirement, the assumed interpolation
function for (H>*,0rt*) along the boundary adjacent to a
regular element should be of the same type as that of the
regular elements. Since Bell's 18 degrees of freedom confor-
ming to the triangular plate bending element8 are employed
in this work, w* and 6* are assumed to be

Kl=ei

-2
lim av
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where el = \, ^2 = A t2/7A ti> an<^ / =1 or 2; i.e., whether the
stress intensity factors are calculated from material 1 or 2 or
any direction, there will be the same limit values. Therefore,
the stress intensity facors under this definition may be used
to represent the intensity of stress singularity near the crack
tip.

Common Interelement Boundary Displacement
and Normal Slope (w*,0*)

Since the singular element may be adjacent to regular or
other singular elements,6 the assumed interpolation function

* I*-̂ ... )
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Fig. 1 The bending analysis of bimaterial center-cracked plate

where £(- !<£<!) is the local coordinate along the bound-
ary line and a0, a^...,a5, and Z?0, bly...,b3 can be computed
in terms of the relevant nodal values [ q ] , thus determining
[ L ] .

2) The boundary adjacent to a singular element. To match
the singular and oscillatory characters of stresses near
the crack tip, [r3/2cos(/:logA'), r3/2sin(/:logr) ] and
[r1;/2cps(A:logr), r'/2sin(/:logr)] are embedded into the inter-
polation functions for w* and 6*, respectively. It is noted
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Fig. 2 The transverse deflection along the upper and lower
interfaces.
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Fig. 3 Variations of Kl and K2 vs different material properties.



AUGUST 1986 TECHNICAL NOTES 1401

that, due to the singular behaviors, the second-order
derivatives of the lateral displacement w do not exist at the
crack tip. Thus, (w*,0*) should be assumed to be

w* = a0 + a{ r + a2r2 + a3r3/2cos ( klogr) + fl4r3/2sin ( Arlogr)

0* = bQ + V/2cos(A:logr)

Again, the parameters #0, a !,..., a4 and £0, bi9 b2 can be
determined in terms of the appropriate nodal variables along
the boundary.

3) Element equivalent boundary transverse shear and
bending moment ( Vn>Mnn). The regular portion of the bend-
ing stress fields can be assumed as that in Ref. 6. For the
singular portion, however, it is assumed to be
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where Mxi, Myi, and Mxyi are the bending stresses of plate /,
Cl=e2k(*-o).9 C2 = e-2k(*+e)9 and e = £iogr.

As a result, based on the thin-plate thoery, the assumed
interpolation functions [R] in Eq. (3) for (Vn,Mnn) can be
easily obtained by proper differentiations. It is worthwhile to
note that the interpolation functions for (V n ,M n n ) have 24
terms, which are compatible6 with those from w.

Results and Discussion
To demonstrate the validity of this work, some numerical

solutions are presented and discussed. The geometry, loading
conditions, and finite element mesh are shown in Fig. 1.
Eight hybrid singular crack elements are surrounded by 136
Bell-conforming triangular elements.

From Eqs. (4) and (5), it is seen that both oy and axy are
included in the expressions for the proposed stress intensity
factors K{ and K2. Therefore, Kl and K2

 are different from
those defined in homogeneous cases where the symmetric
ajid antisymmetric loads are separately introduced. K{ and
K2 are the parameters that account for the combined effects
of these two different materials. However, further work
needs to be done before adopting these as valid fracture
parameters that cari accurately predict the behaviors of
bimaterial cracked plates.

Figure 2 shows the different transverse deflections along
the upper and lower interfaces. The variations of K{ and K2
vs different material properties are displayed in Fig. 3. For
comparison purposes, the homogeneous plate solution of
Ahmad and Loo,4 Rhee and Atluri,5 and Chen and Chen6

are also shown.
Since the present design and the results of Sih and Rice7

are derived based on the Kirchhoff assumptions, the
transverse shear deformation is ignored and the stress
boundary conditions are satisfied only approximately. To
provide a more general and sophisticated analysis procedure
that also considers the transverse shear deformation,
Reissner's theory9 needs to be employed.
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